A framework (G, p) is a straight line realization of a graph G = (V , E) in R 2 , given by a map p : V → R 2 . We prove that if (G, p) is an infinitesimally rigid framework then there is an infinitesimally rigid framework (G, q) for which the points q(v), v ∈ V (G), are distinct points of the k × k grid, where k = √ |V | − 1 + 9. We also show that such a framework on G can be constructed in O(|V | 3 ) time.
Introduction
A d-dimensional framework is a pair (G, p), where G = (V , E) is a graph and p is a map from V to R d . We consider the framework to be a straight line realization of G in R d . A framework is nondegenerate if the points p(v), v ∈ V , are pairwise distinct. Otherwise it is degenerate. The rigidity matrix of the framework is the matrix R(G, p) of size |E| × d|V |, where, for each edge v i v j ∈ E, in the row corresponding to v i v j , the entries in the d columns corresponding to vertices i and j contain the d coordinates of (p(v i ) − p(v j )) and (p(v j ) − p(v i )), respectively, and the remaining entries are zeros. The rigidity matrix of (G, p) defines the rigidity matroid of (G, p) on the ground set E by linear independence of rows of the rigidity matrix. if n d + 1.
We say that a framework (G, p) in R d is infinitesimally rigid if rank R(G, p) = S(n, d). A framework (G, p) is generic if the coordinates of the points p(v), v ∈ V , are algebraically independent over the rationals. Any two generic frameworks (G, p) and (G, p ) have the same rigidity matroid. We call this the d-dimensional rigidity matroid R d (G) of the graph G. We say that a graph G = (V , E) is generically rigid (or simply rigid) in R d if the rank of R d (G) is equal to S(n, d). See [2, [7] [8] [9] for more details on the rigidity of frameworks and graphs.
It follows that a graph G has an infinitesimally rigid realization if and only if G is rigid. In this paper we consider the problem of finding infinitesimally rigid (non-degenerate) realizations (G, p) of rigid graphs G for which the coordinates of the points p(v), v ∈ V (G), are integers between 1 and k, for some small k.
The existence of such a realization (which may be degenerate and where small means O(dn)) follows from a lemma of Schwartz [5] . It implies that rigidity is in NP and it also leads to an efficient randomized algorithm for testing rigidity, for any d. It will also follow from the next 'moving' lemma, which is a kind of deterministic and algorithmic version of the above mentioned lemma of Schwartz, formulated for polynomials obtained from the rigidity matrix. This lemma will be used in the proof of our main result: we shall prove that for d = 2 a grid of size k = O(n 1/2 ) suffices, even if we require that the points p(v) are pairwise distinct. Furthermore, such a realization can be found in O(n 3 ) time.
Let (G, p) be a framework in R d . Suppose that we create a new framework on G by replacing the l-th coordinate of vertex u by some real number z and leaving all other coordinates of all vertices unchanged. Then we say that the resulting framework (G, p ) is obtained from (G, p) by moving u along axis l to z. The degree of vertex u in G is denoted by d G (u). Lemma 1.2. Let G = (V , E) be a graph and let (G, p) be an infinitesimally rigid realization of G in R d . Let v ∈ V be a designated vertex, let l be an integer with 1 l d and let z 1 , z 2 , . . . , z r be distinct real numbers with r d G (v) + 1. Then there is an integer m, 1 m r, for which the framework obtained from (G, p) by moving v along axis l to z m is infinitesimally rigid.
Proof. Since (G, p) is infinitesimally rigid, we have rank R(G, p) = S(n, d). Thus there is a nonsingular square submatrix T of R(G, p) of size S(n, d). It follows from the definition of R(G, p) that p(v) l , the l-th coordinate of p(v), appears in at most d G (v) rows of T . Thus by replacing all the entries p(v) l of T by a variable x, the determinant of T becomes a polynomial T (x) of degree at most d G (v).
Since T (p(v) l ) = 0 and r d G (v) + 1, there exists an integer m, 1 m r, for which T (z m ) = 0. So the rank of the rigidity matrix remains unchanged by moving v along axis l to z m . This completes the proof. 2
Otherwise x is uncovered. Given an infinitesimally rigid framework (G, p), we can use Lemma 1.2 to move any vertex v ∈ V along any axis l to some integer between 1 and 2|V (G)| − 1 to a point uncovered by (G, p) and so that the modified framework remains infinitesimally rigid. Thus we have:
Operations on graphs and frameworks in two dimensions
In the rest of the paper we shall suppose that d = 2. We need some further notation. For X ⊆ V , let E G (X) denote the set, and i G (X) the number, of edges in
The following theorem, due to Laman, gives a combinatorial characterization for rigidity in two dimensions. We say that
If G is rigid, the edge sets of the minimally rigid spanning subgraphs correspond to the bases of the rigidity matroid of G.
(1)
Note that Theorem 2.1 leads to efficient algorithms for testing rigidity and, more generally, computing the rank in R 2 (G), see e.g. [1] . It is a major open problem to find good characterizations and algorithms for rigidity in R d when d 3.
We shall use the following well-known reduction and extension operations (called Henneberg operations) on minimally rigid graphs and frameworks. Let v be a vertex in a minimally rigid graph G with d(v) = 3. The operation splitting (at vertex v) means deleting v (and the edges incident to v) and adding a new edge connecting two non-adjacent vertices of N(v). Note that v can be split off in at most three different ways. A splitting at v is admissible if the resulting graph is also minimally rigid. Let
it follows that |D| |A|/2 + 1. Now d(A) = 3|A| implies that there is a vertex u ∈ D which is connected to A by at most five edges. Since 
Proof. The proof is by induction on n. The theorem trivially holds for n = 2, so we may assume that n 3 and that the required frameworks exist for graphs on at most n − 1 vertices. We may assume that G is minimally rigid, and hence we have δ(G) ∈ {2, 3}. First suppose that δ(G) = 2 and let v ∈ V with d G (v) = 2. By Lemma 2.2 the graph H = G − v is minimally rigid. By the induction hypothesis this implies that there is an infinitesimally rigid framework
and let L ⊂ R 2 be the line through points q(u), q(w). We claim that there is a point (x, y) ∈ Z 2 k , which is not on L and which is uncovered by (H, q) . To see this observe that we have at most k grid points on L and at most |V (H )| − 2 = n − 3 grid points covered by (H, q) which are not on L. Since Proof. Suppose that q(u), q(w), q(t) are collinear in (H, q). By symmetry we may assume that the line L through points q(u), q(w), q(t) is not vertical. Now suppose, for a contradiction, that the number of columns in Z 2 k , containing at least k − 9 grid points covered by (H, q) is at least k − 8. Then
follows, a contradiction. Thus at least 9 columns of Z 2 k have at least 10 points uncovered by (H, q). By using this fact, Lemma 1.2, and that d H (u) d G (u) 8, we can move u horizontally to a point (x, y) which belongs to the vertical line C of some column of Z 2 k which has at least 10 uncovered points, in such a way that the resulting framework remains infinitesimally rigid. This temporary position of u need not be uncovered by (H, q) .
Since C contains at least 10 uncovered grid points, it contains at least 9 uncovered grid points (x, y 1 ), (x, y 2 ), . . . , (x, y 9 ), such that q(t), q(w), (x, y i ) are not collinear, for 1 i 9. By applying Lemma 1.2 again we can move u further vertically and find a position q (u) = (x, y i ), for some 1 i 9, such that the resulting framework (H, q ) (where q (z) = q(z) for all z ∈ V (H ) − u) remains infinitesimally rigid and such that q (u), q (w), q (t) are not collinear. 2 By Claim 3.2 we may assume that q(u), q(w), q(t) are not collinear. Suppose, without loss of generality, that e = uw, i.e., the splitting operation adds a new edge uw (we shall no longer use the fact that d G (u) is small). First we construct an infinitesimally rigid framework (G, p ) by applying a 1-extension on (H, q) so that p (v) is a point in the intersection of the line through points q(u), q(w), and the line of some column of the grid, and such that p (v) = q(u), q(w). This is possible by Lemma 2.4, since q(u), q(w), q(t) are not collinear, and k 3. This temporary position of v need not be on the grid and need not be uncovered by (H, q) .
We claim that the number of rows of Z 2 k containing at least 4 points uncovered by (G, p ) is at least 4. To see this suppose, for a contradiction, that k − 3 rows of the grid contain at least k − 3 grid points covered by (G, p ) each. Then
follows, a contradiction. This proves the claim. By using the claim, Lemma 1.2, and that d G (v) = 3, we can move p (v) further vertically to some row of the grid which contains at least 4 uncovered points, preserving the infinitesimal rigidity of the framework. This new position is also temporary, and it need not be uncovered by (H, q) . Finally, using that d G (v) = 3, we can use Lemma 1.2 to move v again horizontally to some uncovered grid point in this row of the grid such that the new framework (G, p) obtained is also infinitesimally rigid, all points p(v), v ∈ V are distinct, and p(v) ∈ Z 2 k for all v ∈ V . This proves the theorem. 2
Concluding remarks
The proof of Theorem 3.1 is algorithmic. Given a rigid graph G on n vertices, a minimally rigid spanning subgraph G of G and an inductive construction for G, starting from a single edge and using the Henneberg operations, can be found in O(n 3 ) time, see [1] and the references therein. By using this construction, an infinitesimally rigid realization of G (and hence of G ) can be constructed by using extensions and moving coordinates, as in the proof of Theorem 3.1. It can be shown that the total number of arithmetic operations needed in this construction phase is also O(n 3 ). Thus an infinitesimally rigid realization of a rigid graph on the grid Z 2 k , can be found in O(n 3 ) time, where k = √ n − 1 + 9, assuming unit-cost arithmetic.
Since we considered non-degenerate frameworks, our bound k on the size of the grid is essentially best possible. It might be possible to specify a set S of n + c points in R 2 , for some constant c, such that every rigid graph on n vertices has an infinitesimally rigid non-degenerate realization on S.
For degenerate frameworks we have the following lower bound. Let H be a minimally rigid graph on a set K of k 2 vertices and let G be obtained from H by adding k 2 new vertices of degree two in such a way that each new vertex w is adjacent to a pair of vertices of K, and these pairs of neighbours of the new vertices are pairwise distinct. Then G has n = k+1 2 vertices, and in any infinitesimally rigid realization of G the vertices of K must be distinct. Thus we obtain a lower bound of O(n 1/4 ) on the grid size. It may be interesting to note that in one dimension every rigid (i.e., connected) graph has a degenerate infinitesimally rigid realization on the grid of size two.
Another direction for possible extensions is to try to find a realization (G, p) of a graph G, on a small grid, for which the rigidity matroid of (G, p) is isomorphic to the rigidity matroid of G.
